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3-neutrino mixing

3
vip =Y Ujvip. l=epr  Uis the Pontecorvo-Maki-Nakagawa-
j=1 Sakata neutrino mixing matrix
1 0 0 13 0 .5‘1363_7;(5 cio  S1o 0 1 O‘_ 0
U= {0 co3 593 0 1 0 —s19 c;p 010 &30
0 —s93 (93 —5’136% 0 C13 0 0 1 () () e'i'%
Best fit 30 range
in? 8 0.308 0.259 = 0.3
sin” 91z 090399 6., & /4 - 0.20
sin2 8,; (NO) 0.437 0.374 = 0.626
. 623 ~ T[/4 - 006
sin2 8, (IO) 0.455 0.380 + 0.641
sin? 05 (NO) | 00234 | 0.0176 - 0.0295 6,320+0.15
sin2 8,5 (I0) 00240 | 0.0178 = 0.0298
5/ (NO) 1.39 0:2 SymmeT ry?
3/m (IO) 1.31 0:2

Capozzi et. al., PRD 89 (2014) 093018
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General setup

U = UJ U,

T 7 ; T . ) T ) T .
U J M,.M ;r U. = diag (-mg_. -mi. -?n.g) DE M, U, = diag (my,mo, ms)

M, is the charged lepton mass matrix

M, is the neutrino Majorana mass matrix

[ = (;T'i' I (}Tr , Q“ Frampton, Petcov, Rodejohann,
© B NPB 687 (2004) 31

U, and U, are CKM-like 3x3 unitary matrices
: i) —iw : 21 ;831
v = diag (1. e "V.e ““) Qo = diag (1. e 2 ,e 2 )

U, is assumed to have a symmetry form which is dictated by, or
associated with, a flavour (discrete) symmetry, e.g., As, S4, A5, T
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General setup

Symmetry forms of U, : bimaximal, tri-bimaximal, golden ratio,

hexagonal... L \% B (\[ \[ “

R % _LQ Urpm = \[ \[ \[
1 1

IS (R Y

-

[l S

6o

~ ) ) costy sinfi, 0
U, = Ro3 ( 53) R19 ( rl_?*) where Ry5 (075) = | —sinéy, cosb}, 0
0 0 1

Tri-bimaximal (TBM) A,/T Yy, = arcsin (1//3) = 35° 0v,; = - /4
Bimaximal (BM) S,  0v,=m/4=45° for all these

symmetry forms
Golden ratio A (GRA) As 0v,, = arcsin (1//(2+r)) = 31°

Golden ratio B (6GRB) Dy 0'1; = arcsin (/(3-r)/2) = 36° r is the golden
Hexagonal (HG) D1, 0, = /6 = 30° :a:‘rl(ol.+ [5)/2
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General setup

Charged lepton (CL) corrections:

« 1 rotation from the CL sector and 2 rotations from the neutrino sector

U = Rij(0;;) ¥ Roz(ba3) Bi2(H13) Qo

« 2 rotations from the CL sector and 2 rotations from the neutrino sector

U = Rij(0;;) Rra(0)) W Ra3(633) R12(62) Qo
« 1rotation from the CL sector and 3 rotations from the neutrino sector
U = Ri;(0;;) ¥ Rasz(f53) R13(673) R12(675) Qo

=> sum rules for cos 9, i.e., cos & as a function of the observable

mixing angles 8,;, 8,3, 615 and the angles 6, whose values are fixed
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Sum rules

1 rotation from the CL sector and 2 rotations from the neutrino sector

R:,(6°4,) U = Ry2(6) ¥ Ra3(053) R12(85) Qo

sin? 0%, — sin® 613

sin? fog =

g}

1 — sin? fy3

2sin? 65, — (3 + cos 265,) sin? 63

b)) =

(cos 2613 — cos 205,)

. : P
cos 0 = . . cos 2075+ (51112 f12 — cos” 6Y,)
V2 sin 2615 sin 013 cos 65|

cos 2013 — cos 205,

R;3(6°3) U = Ry3(013) ¥ Ra3(033) R12(075) Qo

. 2
sin” 05,

sin® fog =
’ ' 1 — sin? A3

2 cos® B, — (3 — cos 2055) sin® 63

cos 2613 + cos 2605,

B (cos 2613 + cos 2953)%
V2 sin 2605 sin 013| sin 03]

- . 2 g1
cos 0 = cos 2604, + (sin? 019 — cos? 6Y,)
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Sum rules

2 rotations from the CL sector and 2 rotations from the neutrino sector

R12(6°12) R23(6%;3) U = R12(012) Ra3(b33) W Ra3(63) R12(0712) Qo
. tan 923 7, .9 2D A 2 - 2
Cos 0 = [cos 2075 + (sin” H12 — cos” 05) (1 — cot” Hag sin” by3) ]

sin 2619 sin f13

Petcov, NPB 892 (2015) 400

R;3(8213) R»3(6%,3) U = Ri3(03) Ro3(653) U Ros(653) R12(05) Qo

cot Ha3

cosd = — [cos 2075 + (51112 619 — cos’ 93’2) (1 — tan? fog sin’ 913”

sin 26419 sin fq3
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Sum rules

1 rotation from the CL sector and 3 rotations from the neutrino sector

R:,(6°4,) U = R19(075) ¥ Ra3(653) R13(6073) F12(675) Qo

cos? 055 cos® 0,

-2
sin“ fog = 1 — :
1 — sin? 3

. 1 . 9
cosd = — | (cos? B15 — cos® 05 cos® B55) sin® 012

sin 26019 sin Oq3] cos 075 cos 04| (cos? 013 — cos? 04 cos? 055)2

9 . 9 . . . 9
+ cos? B1a sin? B3 cos? 044 cos? B, — cos? B3 (cos 87y sin 675 cos By, — sin By, sin B;)*

R13(6%3) U = Ri3(#13) ¥ Ra3(633) Ri3(#13) R12(615) Qo

sin? BY, cos? 6,

sin® fy3 =
. 1 —sin?64

1

2 20 2 a0y 22
: : — 5 a1 (cos #13 — cos™ 075 sin” B55) sin” 619
sin 2612 sin B3| cos 075 sin 605, (cos® 615 — cos? 075 sin” B4, )2

Ccos 0 = —

+ cos® B9 sin? B3 cos® 05 sin? By — cos® B13(cos BY sin 8% sin B, + sin 875 cos O55)?
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Predictions for cos o

Using best fit values of mixing angles for NO neutrino mass spectrum

Scheme TBM GRA GRDB HG BM
0o — (055, 675) —0.114 0.289 —0.200 0.476 —
T — (053, 0%5) 0.114 —0.289 0.200 —0.476 —
(695, 053) — (053, 675) —0.091 0.275 —0.169 0.445 —
(695, 055) — (053, 60%5) 0.151 —0.315 0.251 —0.531 —
Scheme (7/20, =7 /4] | [7/10, =7 /4] || [a.—7/4] | [7/20.0] | [7/20,7/6]
Ty — (055,015, 6Y5) —0.222 0.760 0.911 —0.775 —0.562
Scheme [7/20, ¢] (7/20, /4] ||[7/10,7/4] | [a,7/4] [7/20, d]
01q — (055, 015, 6)5) —0.866 0.222 —0.760 —0.911 —0.791
0Y,3 = - /4 [6"13. 6", ]

a = arcsin (1/3) b =arcsin (1//(2+r)) c=arcsin(1/J3) d=arcsin (V(3-r)/2)

Non-zero values of 6,3

Rodejohann and Zhang, PLB 732 (2014) 174

Bazzocchi, arXiv:1108.2497, Toorop et. al., PLB 703 (2011) 447,

09.09.2015
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Predictions for J: statistical analysis

R12(0°12) Rp3(8%23) U = Ria(#iy) Ras(#33) W Rag(H3) Ri2(615) Qo
Jop = Im {UA UpsUesUpn § y
1

= — sin 0 sin 26013 sin 2053 sin 2615 cos 043

Jcp determines the magnitude of CP-violating
effects in neutrino oscillations

Krastev and Petcov, PLB 205 (1988) 84

[
Vi . .
C004 002 000 002 004 7P

[
L Ml . .
S004 002 000 002 0.04 7P

j\-‘T = 4/ 2 NO SCheme
7 X IO scheme
------- NO global fit
------- IO global fit

Relatively large CP-violating effects in neutrino
oscillations in the cases of TBM, GRA, GRB, HG:
Jp®-003, |Jpl|2002@ 30

and suppressed ones in the case of BM:

Jep 0

bt J
2004 —0.02 000 002 0.04°CF

| Wl
-0.04 -0.02 0.00 0.02 0.04 Jep

Using latest results on sin? 6; and 8, obtained
in global analysis of neutrino oscillation data
in Capozzi et. al, PRD 89 (2014) 093018

09.09.2015
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Predictions for cos 9: statistical analysis

CY
Likelihood function  L(cosd) o< exp (W)

R15(8%,) Ry3(82%,3) U = Ria(675) Ros(053) W Ras(053) R1a(675) Qo

1.0
—_— BM
— GRB
0.8} — TBM
—_— GRA
_ HG
Q
Z 0.6f
-
o)
o)
=
S 04}
=
0.2¢
0.0 : J { i
-1.0 -0.5 0.0 0.5 1.0
cos 0

Using current best fit values and prospective 1o uncertainties for sin® 6,;: 0.7% for sin? 6;, (TUNO),
3% for sin? 8,3 (Daya Bay), 5% for sin? 6,5 (NOvA and T2K) + Gaussian approximation
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Predictions for cos 9: statistical analysis

2
Ri3(8°%3) Ry3(02%,3) U = Ris(Hi3) Ras(53) U Ros(53) Ri2(675) Qo

CY
Likelihood function  L(cosd) o exp (\(Cmo)>

1.0
v “ — B M
— (FRB
0.8} — TBM
— (FRA
_ HG
>
Z 0.6}
]
@]
@]
2
E 0.4
2
0.2 y
0015 ~0.5 0.0 0.5 1.0

CoS 0

Using current best fit values and prospective 1o uncertainties for sin® 6,;: 0.7% for sin? 6;, (TUNO),
3% for sin? 8,3 (Daya Bay), 5% for sin? 6,5 (NOvA and T2K) + Gaussian approximation
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Extension of the study

Today on arXiv:
I. Girardi, S.T. Petcov, A.J. Stuart, A.T., arXiv:1509.02502

(non-Abelian discrete)

Flavour symmetry group
Gy

Residual symmetries of
G G the CL and neutrino

e V .
mass matrices

I
\4

Sum rules for cos &
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Conclusions

< Exact (within the schemes considered) sum rules for
cos 0

* Relatively large CP-violating effects in neutrino
oscillations in the cases of TBM, GRA, GRB, HG and
suppressed ones in the case of BM

< Sufficiently precise measurement of & combined with
prospective precision on the neutrino mixing angles
can provide information about the existence of a new
type of fundamental symmetry in the lepton sector
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Backup
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Statistical details

__\-'2(51112 f1o, sin’ B3, sin” fas, J) = __\%(51112 f12) + _.\"%(sing f13) + _.\"%(sing o) + \i(b)

1) x;? being extracted from Capozzi et. al., PRD 89 (2014) 093018

2) Gaussian approximation:

(i — T )2 r; = {sin® 19, sin” A3, sin? o3, 5}
2 _ T . ; 5
Xi Ji%i Future: x; = {sin®#1o.sin? A3, sin® fog}
T; and 0., are b.f.v. and 1o uncertainties
2
X~ (" (vi") Z i (27" (y)")) u}" are parameters of the scheme
2000 — vt [W2 (o, m S T w2
() = min [__\ ( (v; )) ‘a_zmnst} « = {0, Jop. sin” fos}
DYS
. Y“(coso
L(cosd) ox exp (— ( ; ))
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Statistical details: comparison

2nf i 2nf i : 0.06F
1) . 0.05}
3x| ‘ 3z| f 1
2 i 2 i :
; E | 0.04+
: ! : bk
% 1 /i ® 0.03)
© w af 1\ 2 = 0.03 i
: | ! 0.02¢+ R —— =
% I “; !I % I : 'F
i : P 0.01¢
ok Y N A o, A ok . . . .
0.3 0.4 0.5 0.6 0.7 0 0.01 002 0.03 0.04 0.05 0.06 0.3 0.4 0.5 0.6 0.7
sin2923 sin2913 SiI]2923
2n B . 0.06
‘. 0.05}
3n| ; '
2 1.k

. o T | ; -
> 0.01}
oh oh e ok, , . . ,
0.3 0.4 0.5 0.6 0.7 0 0.01 0.02 0.03 0.04 0.05 0.06 0.3 04 0.5 0.6 0.7
sin2923 sin2913 SiI]2923
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Predictions for cos &: statistical analysis
Likelihood function  L(cosd) o< exp (M>

2
R12(0°12) Ro3(8%23) U = Rua(67,) Ras(653) W Raz(b3) Ri2(65) Qo
1.0 1.0
e 3 M BM ” "
— GRB GRB
0.8F — TBM 0.8} TBM
—_— GRA GRA
—_ HG _ HG
% 0.6} 2 0.6
g B
£ 2
S 04 S 0.4
NS 3
0.2-\ 0.2}
. g N A WA
0015 -0.5 0.0 0.5 1.0 0015 ~0.5 0.0 0.5 1.0
cos 0 cos O
Using latest results on sin® 6;; and &, obtained Using prospective 1o uncertainties on sin® 6;;:
in global analysis of neutrino oscillation data 0.7% for sin? 6;, (JUNO)
in Capozzi et. al., PRD 89 (2014) 093018 3% for sin? 6,3 (Daya Bay)

5% for sin2 8,5 (NOVA and T2K)
+ Gaussian approximation
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Dependence on best fit values
Likelihood function  L(cosd) o< exp (M>

2
Ri2(6%12) Ry3(0%,3) U = Ria(6iy) Ros(H53) W Ras(653) Ri2(H75) Qo
1.0 1.0
‘ — BM o q ” — BM ” n “
— (GRB — GRB
0.8¢ — TBM ‘ 0.8t —_— TBM
— GRA — (GRA
— HG _ HG
2 0.6} S 06
3 3
= =
S 04} 204
".j —
0.2} k “ 0.2}
| [ JAL U
005 ~0.5 0.0 0.5 1.0 0019 ~05 0.0 0.5 1.0
cos 0 cos 0

(Sin2 elz)bf = 0332
(Sin2 623)bf = 0437
(Sinz 613)bf = 00234

(sin? ©y,)ps = 0.304 IO neutrino mass spectrum

(sin® B53),¢ = 0.579 Gonzalez-Garcia et. al.,
(sin? 8,3), = 0.0219 JHEP 1411 (2014) 052
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Predictions for 9: statistical analysis

Ri2(6%12) Ry3(6%,3) U = Ria(Hiy) Ras(H55) ¥ Ros(53) Ri2(H7) Qo

8 8 8
7 7 7k
J.\TG' p— \/ XQ 6 6 6+
s s 5t
=4 = 4 = 4t
NO scheme ; . Al
IO scheme B | -
) I I 1t
__T1T MO global fit % = -
IO global fit Lo :
8 8 ]
7 7
6 6
5 5
=4 =4
3 3
27 2¢7
1 1
% L TR F

Using latest results on sin® 6;; and &, obtained in global analysis of neutrino oscillation data in
Capozzi et. al., PRD 89 (2014) 093018
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Results for sin? 0,: statistical analysis

Ri2(6%12) Ry3(6%,3) U = Ria(Hiy) Ras(H55) ¥ Ros(53) Ri2(H7) Qo
1 N

4 4t
=3 253
NO scheme
2 2t
IO scheme
\ / 1 H It /
"""" NO global fit A NS NS T
_______ IO global fit 04 05 06 07 04 05 06 07 04 05 06 07
9 sin2923 sin2923 sin2923

Wy a%s
04 05 06 07 04 05 06 07
Sinzﬁzg Sinzﬁzg

Using latest results on sin® 6;; and &, obtained in global analysis of neutrino oscillation data in
Capozzi et. al., PRD 89 (2014) 093018
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Predictions for cos &: statistical analysis
Likelihood function  L(cosd) o< exp (M>

2
Ri3(8%13) Rp3(8%3) U = Rua(13) Raz(653) W Roa(b3) R12(H2) Qo
1.0 1.0
BM ” “ “ BM
GRB GRB
0.8} TBM 0.8} TBM
GRA GRA
HG HG
e) e)
Z 0.6} Z 06
2 E
2 £
T 0.4} S 0.4
_ 3
0.2} 0.2
. . N A
0015 -0.5 0.0 0.5 1.0 0015 -0.5 0.0 0.5 1.0
cos 0 cos 0
Using latest results on sin® 6;; and &, obtained Using prospective 1o uncertainties on sin® 6;;:
in global analysis of neutrino oscillation data 0.7% for sin2 8;, (JUNO)
in Capozzi et. al., PRD 89 (2014) 093018 3% for sin? 6,3 (Daya Bay)

5% for sin2 8,5 (NOVA and T2K)
+ Gaussian approximation
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Results for sin? 0,: statistical analysis

Ri3(8%3) Ry3(02%,3) U = Ris(#i3) Ras(053) ¥ Roz(653) Ri2(675) Qo

4
=3
NO scheme :
IO scheme
L T4 :" 1 ||‘\\‘ "' “r
"""" NO global fit o WS L NS .
_______ . 0.4 0.5 0.6 0.7 0.4 05 0.6 0.7 0.4 0.5 0.6 0.7
IO 9l0b0| fIT Sil‘l2923 sin2623 sinzb'g-,

'Y . . . .
0.4 0.5 0.6 0.7 0.4 0.5

Sinzlqz; Sil’lzﬁzj

0.6 07

Using latest results on sin® 6;; and &, obtained in global analysis of neutrino oscillation data in
Capozzi et. al., PRD 89 (2014) 093018
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Predictions for cos 8: statistical analysis
Likelihood function  L(cosd) o< exp (M)

2
e T __ o e o 1/ .. L’ ) i’.f_
Ri2(B%p) U = Rua(015) W Ras(055) R13(075) R12(675) Qo
1.0 1.0
Case I e C15€ |
Case 11 — Case I]
0.8' Case 111 08- — Case I
Case IV — Case IV
— Case V Case V
O —
Z 06| S 06|
= =
S 04 S 04}
3 3
0.2-/-\ 0.2
0015 ~0.5 0.0 0.5 1.0 0015 ~05 0.0 0.5 1.0
cos & cos &

Using latest results on sin? 6;; and &, obtained in global analysis of neutrino oscillation data in
Capozzi et. al., PRD 89 (2014) 093018

[6vi3, 01, ]: Case I = [1/10,- /4] Case II =[n/20, arcsin (1//(2+r))]
Case IIT = [n/20,- /4] Case IV = [arcsin (1/3),- /4] CaseV =[n/20, /6]
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Predictions for cos &: statistical analysis

R;,(69,)

U = Ri2(012) W Ra3(033) R13(073) R12(615) Qo

—
|

Case
Case Il
Case IlI
Case IV
Case V

-1.0

0
0.8
&
/,Q' 2 06}
& g
Q@Q 3} 0.4
- Q =
.& 7,
Q 3 2 02
0.0
1.0
0.8
‘OO;\ 5
O S o6l
& E
RO =
) T 04r
Qv ‘(\\\’ 5
\'0_)\4 '»":/ 0.2}
0.0
[6¥13, ©¥12]:

~05 0.0 0.5
cos O
Case |
— Case ]
s Caa5€ 1]
— Case [V
Case V
~05 0.0 0.5
cos &

Case I = [1/10, - /4]
Case III = [n/20, - /4]

1.0

e
o0

Likelihood [NO]
S
.

o
[®)

0.0

-1.0

1.0

0.8}

0.4

Likelihood [NO]

0.2

0.0

-1.0

S
>

0.6}

Case |
— Case 1]
Case 11
— Case IV
Case V
~05 0.0 0.5
cos &
Case |
— Case I
— Case IIl
— Case [V
C Vv
~05 0.0 0.5

cos

Case IT = [11/20, arcsin (1//(2+r))]
Case IV = [arcsin (1/3), - /4]

Case V = [11/20, /6]

09.09.2015

Arsenii Titov | TAUP 2015 | Turin

26



Predictions for cos 8: statistical analysis
Likelihood function  L(cosd) o exp (M)

2
e .
Ri3(6%3): U = Ria(63) W Ras(#53) Ria(H73) R12(615) Qo
1.0 1.0
Case I e C15€ |
Case 11 — Case I]
0.8' Case 111 08- — Case I
Case IV — Case IV
— Case V Case V
O —
Z 06| S 06
- =
o Q
= <
T 04 2 04}
3 3
0.2 0.2¢
0015 ~0.5 0.0 0.5 1.0 0015 ~0.5 0.0 0.5 1.0
cos & cos &

Using latest results on sin? 6;; and &, obtained in global analysis of neutrino oscillation data in
F. Capozzi et. al., PRD 89 (2014) 093018

[6Y43, Y45 Case I = [1/20, /4] Case ITI = [arcsin (1/3), /4]
Case III = [n/20, arcsin (1//3)] Case IV =[n/10,n/4] CaseV =[n/20, arcsin (V/(3-r)/2)]
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Predictions for cos &: statistical analysis

Ri3(6%13) U = Ri3(675) U Ros(63) Ri3(0Y3) Ri2(675) Qo

0
e Ci5€ | Case |
— Case I l — Case Il
0.8} e Case Il 0.8} Case HI
'{1, H — Case [V — Case [V O)q
Q) _ Case V _ Case V V
S) S oel 2 06 o
7, = = 7,
« % E «
W 2 £ 20
T 3 04 5 04 Q":biq’
n /Q — — & / Q
/4 A 'y
Q 2 0.2 0.2} &', &
° Al I \ Il °
0010 ~05 0.0 0.5 1.0 0019 ~05 0.0 0.5 1.0
cos d cos &
1.0 1.0
— Casel Case I
l — Case I — Case I
0.8 e Caise TH] 0.8+ Case III
b‘éb B — En.ﬂj{; B w — En.s'ei\f vg)
Q- S 06} g 06 Q')
7, 2 \’\
« E E RN
N = - NS
Q'BQ\Q 2 04p 2 04} PR &
n 46\ s s N 0(
N7 & s
Q 0.2} 0.2} Q)
A NP )
° | Il i °
0979 ~05 0.0 05 1.0 0975 ~05 0.0 05 1.0
cos o cos &

[6vi5, 0¥, CaseI=[n/20,n/4] CaseII = [arcsin (1/3), n/4]
Case III = [n/20, arcsin (1//3)] Case IV =[n/10,n/4] CaseV =[n/20, arcsin (V/(3-r)/2)]
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