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Planck Collaboration: Cosmological parameters

Note the signiÞcantly tighter constraint with the inclusion of
Planck high-! polarization, with! Ne" < 1 at over 4" from
Planck alone. This constraint is not very stable between like-
lihoods, with theCamSpeclikelihood giving a roughly 0.8"
lower value ofNe" . However, the strong limit from polarization
is also consistent with the jointPlanckTT+lowP+BAO result,
so Eq. (60b) leads to the robust conclusion that! Ne" < 1 at over
3" . The addition ofPlancklensing has very little e" ect on this
constraint.

For Ne" > 3, thePlanck data favour higher values of the
Hubble parameter than thePlanckbase# CDM value, which as
discussed in Sect.5.4 may be in better agreement with some
direct measurements ofH0 . This is becausePlanckaccurately
measures the acoustic scaler! / DA; increasingNe" means (via
the Friedmann equation) that the early Universe expands faster,
so the sound horizon at recombination,r! , is smaller and hence
recombination has to be closer (largerH0 and hence smaller
DA) for it to subtend the same angular size observed byPlanck.
However, models withNe" > 3 and a higher Hubble constant
also have higher values of the ßuctuation amplitude" 8, as shown
by the coloured samples in Fig.31. Thus, these modelsincrease
the tensions between the CMB measurements and astrophysical
measurements of" 8 discussed in Sect.5.6. It therefore seems
unlikely that additional radiation alone can help to resolve ten-
sions with large-scale structure data.

The energy density in the early Universe can also be probed
by the predictions of big bang nucleosynthesis (BBN). In partic-
ular ! Ne" > 0 increases the primordial expansion rate, leading
to earlier freeze-out with a higher neutron density, and hence a
greater abundance of helium and deuterium after BBN has com-
pleted. A detailed discussion of the implications ofPlanck for
BBN is given in Sect.6.5. Observations of both the primordial
helium and deuterium abundance are compatible with the predic-
tions of standard BBN with thePlanckbase# CDM value of the
baryon density. ThePlanck+BBN constraints onNe" (Eqs.75
and76) are compatible, and slightly tighter than Eq. (60b).

Although there is a large continuous range of plausibleNe"
values, it is worth mentioning brießy a few of the discrete values
from fully thermalized models. This serves as an indication of
how stronglyPlanckprefers base# CDM, and also how the in-
ferred values of other cosmological parameters might be a" ected
by this particular extension to base# CDM. As discussed above,
one fully thermalized neutrino (! Ne" " 1) is ruled out at over
3" , and is disfavoured by! #2 " 8 compared to base# CDM
by Planck TT+lowP, and much more strongly in combination
with Planckhigh-! polarization or BAO. The thermalized boson
models that give! Ne" = 0.39 or ! Ne" = 0.57 are disfavoured
by ! #2 " 1.5 and! #2 " 3, respectively, and are therefore not
strongly excluded. We focus on the former since it is also consis-
tent with thePlanckTT+lowP+BAO constraint at 2" . As shown
in Fig. 31, largerNe" corresponds to a region of parameter space
with signiÞcantly higher Hubble parameter,

H0 = 70.6± 1.0 (68%,PlanckTT+lowP; ! Ne" = 0.39). (61)

This can be compared to the direct measurements ofH0 dis-
cussed in Sect.5.4. Evidently, Eq. (61) is consistent with the
H0 prior adopted in this paper (Eq.30), but this example shows
that an accurate direct measurement ofH0 can potentially pro-
vide evidence for new physics beyond that probed byPlanck. As
shown in Fig.31, the! Ne" = 0.39 cosmology also has a signif-
icantly higher small-scale ßuctuation amplitude and the spectral
indexns is also bluer, with

" 8 = 0.850± 0.015
ns = 0.983± 0.006

!
PlanckTT+lowP; ! Ne" = 0.39. (62)
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Fig. 32. Samples fromPlanck TT+lowP in the Ne" Ðme"
$, sterile

plane, colour-coded by" 8, in models with one massive sterile
neutrino family, with e" ective massme"

$, sterile, and the three ac-
tive neutrinos as in the base# CDM model. The physical mass
of the sterile neutrino in the thermal scenario,mthermal

sterile , is con-
stant along the grey dashed lines, with the indicated mass in
eV; the grey region shows the region excluded by our prior
mthermal

sterile < 10 eV, which excludes most of the area where the
neutrinos behave nearly like dark matter. The physical mass in
the Dodelson-Widrow scenario,mDW

sterile, is constant along the dot-
ted lines (with the value indicated on the adjacent dashed lines).

The " 8 range in this model is higher than preferred by the
Planck lensing likelihood in base# CDM. However, the Þt to
thePlancklensing likelihood is model dependent and the lens-
ing degeneracy direction also associates highH0 and low $ m
values with higher" 8. The jointPlanckTT+lowP+lensing con-
straint does pull" 8 down slightly to" 8 = 0.84± 0.01 and pro-
vides an acceptable Þt to thePlanckdata. Note that forPlanck
TT+lowP+lensing, the di" erence in#2 between the best Þt base
# CDM model and the extension with! Ne" = 0.39 is only
! #2

CMB " 2. The higher spectral index with! Ne" = 0.39 gives a
decrease in large-scale power, Þtting the low! < 30 Planck TT
spectrum better by! #2 " 1, but the high-! data prefer! Ne" " 0.
Correlations with other cosmological parameters can be seen
in Fig. 20. Clearly, a very e" ective way of testing these mod-
els would be to obtain reliable, accurate, astrophysical measure-
ments ofH0 and" 8.

In summary, models with! Ne" = 1 are disfavoured by
Planckcombined with BAO data at about the 3" level. Models
with fractional changes of! Ne" " 0.39 are mildly disfavoured
by Planck, but require higherH0 and " 8 compared to base
# CDM.

6.4.3. Simultaneous constraints on Ne" and neutrino mass

As discussed in the previous sections, neither a higher neu-
trino mass nor additional radiation density alone can resolve
all of the tensions betweenPlanck and other astrophysi-
cal data. However, the presence of additional massive parti-
cles, such as massive sterile neutrinos, could potentially im-
prove the situation by introducing enough freedom to allow
higher values of the Hubble constantand lower values of
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Figure 4. Allowed regions in the sin2 2! eµ Ð! m2
41, sin2 2! eeÐ! m2

41 and sin2 2! µµ Ð
! m2

41 planes obtained in the pragmatic 3+1-PrGLO global Þt of short-baseline

neutrino oscillation data compared with the 3" allowed regions obtained from
( ! )
#µ !

( ! )
#e

short-baseline appearance data (APP) and the 3" constraints obtained from
( ! )
#e short-

baseline disappearance data (#e DIS),
( ! )
#µ short-baseline disappearance data (#µ DIS)

and the combined short-baseline disappearance data (DIS). The best-Þt points of the
PrGLO and APP Þts are indicated by crosses.

anomalous low-energy bins, which are omitted in the pragmatic PrGLO global fits [90].

There is also a 3+1-noMB fit without MiniBooNE data and a 3+1-noLSND fit without

LSND data.

From Tab.4, one can see that in all fits which include the LSND data the absence of

short-baseline oscillations is nominally disfavored by about 6! , because the improvement

of the " 2 with short-baseline oscillations is much larger than the number of oscillation

parameters.

In all the 3+1 and 3+2 schemes the goodness-of-fit in the GLO analysis is

significantly worse than that in the PrGLO analysis and the appearance-disappearance

parameter goodness-of-fit is much worse. This result confirms the fact that the

MiniBooNE low-energy anomaly is incompatible with neutrino oscillations, because it

would require a small value of ! m2
41 and a large value of sin2 2#eµ [82, 83], which are

excluded by the data of other experiments (see Ref. [90] for further details)12. Note that

the appearance-disappearance tension in the 3+2-GLO fit is even worse than that in

the 3+1-GLO fit, since the ! " 2
PG is so much larger that it cannot be compensated by

the additional degrees of freedom13. Therefore, we think that it is very likely that the

12 One could Þt the three anomalous MiniBooNE low-energy bins in a 3+2 scheme [14] by considering
the appearance data without the ICARUS [174] and OPERA [175] constraints, but the required large
transition probability is excluded by the disappearance data.
13 This behavior has been explained in Ref. [192]. It was found also in the analysis presented in

Oscillations vs cosmology 

Global fit 3+1 

Gariazzo, Giunti, Lavader, Li, Zavanin (2015) 

           Planck Collaboration 

Neff < 3.7

meff
sterile < 0.52 eV

(95% c.l., Planck2015 + lensing + BAO) 
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meff
sterile = (Ts /Ta )

3mthermal
sterile = (ΔNeff )

4/3msterile
thermal

Neff ≡
ρνa+ ρextra rel

ρ1νa
SM



Pseudoscalar model 

The sterile neutrino is coupled to a new light pseudoscalar (mφ << 1eV) 
 
 
Limits: 
  

L ~ gsφν sγ5ν s

No fifth force limits 

SN bounds: 
 
 
 
                     

ge ≤ 4×10
−7

νeνe →φ

gs ≤ ge / sin
2θ s= 3×10

−5

Farzan  (2003) 

Model dependent 
 
 
    Kopp et al. (2013) 
    Giunti et al. (2013) 

sin2 2θ s= 0.05
Bernatowicz et al.  (1992) 

0νββ decay 
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Thermal history 

! !T > TeV φ particles are thermally produced 

! !T ~ GeV (gs~10-5) νs and φ in thermal equilibrium 

                                                         in the relativistic limit 

       one single tightly-coupled fluid 

! !T > 200MeV the dark sector decouples 

 

 

! !T ~ 10MeV neutrino oscillations become important 

! v =
gs
4

8" Ts
2

T! =
g*(T" )

g*(1TeV)
!
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#
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%
&

1/3

TSM
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#

ν sν s ↔φφ
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Early Universe: Flavour evolution 

!Pa =VxPy +Γa 2−Pa[ ],

!Ps = −VxPy +Γs 2
f0,s (Ts,µs )
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#
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&

'
(,

!Px = −VzPy −DPx,

!Py =VzPx −
1
2
Vx (Pa −Ps )−DPy
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Density matrix 
 
 
 
 
QKEs:                                          Potentials: 
 
 
 
 
 
 
 
 
 
Damping:                              Collisions: 
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Solving the tension on Neff at BBN 
3

QKEs are now

úPa = VxPy + �a [2� Pa] ,

úPs = �VxPy + �s


2
f
eq,s (T

⌫s , µ⌫s )
f
0

� Ps

�
,

úPx = �VzPy �DPx ,

úPy = VzPx � 1
2
Vx (Pa � Ps) �DPy .

Here, the potentials are given by

Vx =
�m2

⌫s

2p
sin 2✓s,

Vz = �
�m2

⌫s

2p
cos 2✓s �

14⇡2

45
p

2
p
GF

M2

Z
T 4n

⌫s + Vs,

where p is the momentum, GF is the Fermi coupling
constant, MZ is the mass of the Z boson, andn

⌫s =R
fsd

3p/(2⇡)3 is the number density of sterile neutrinos.
For the repopulation of the active neutrinos, we use the
expression

�a = CµG
2

F pT
4, Cµ ⇡ 0.92.

For the sterile neutrino redistribution, we chooseT
⌫s and

µ
⌫s to conserve energy and number density, whenf

eq,s =
(ep/T ⌫s�µ⌫s /T ⌫s + 1) �1, and we approximate the rate by

�s =
g4s

4⇡T 2

⌫s

n
⌫s . (8)

Finally, we approximate the damping term by D =
1

2

(�a + �s).
We compute the sterile neutrino contribution to the

potential in Eq. (3) from the actual numerical distribu-
tion. The contribution from the �-background is com-
puted analytically assuming that the �-particles were
produced thermally above a TeV. They will then follow
a Bose-Einstein distribution with a reduced temperature
of

T
�

=
✓

g
?

(T
�

)
g
?

(1TeV)

◆ 1
3

T
�

'
✓

10.75
106.7

◆ 1
3

T
�

' 0.47T
�

, (9)

where the approximation is valid in the temperature
range of interest. We are ignoring momentum transfer
between the sterile neutrinos and the pseudoscalars for
simplicity, but we suspect that including it would have
a negligible e↵ect on our results. When sterile neutrinos
are produced, they will create non-thermal distortions in
the sterile neutrino distribution, and the sterile neutrino
spectrum might end up being somewhat non-thermal. In
Fig. 1 we show the Þnal contribution to the energy den-
sity N

e↵

N
e↵

⌘ ⇢
⌫a + ⇢
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⇢
⌫0
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FIG. 1: The contribution of the sterile neutrino to the rela-
tivistic energy density �Ne↵ = Ne↵ � 3 as a function of the
coupling parameter gs.

from a sterile neutrino with mixing parameter sin2 2✓s =
0.05 and m

⌫s = 1 eV, close to the best Þt value from
neutrino oscillation data [1, 2]. The transition from full
thermalisation to zero thermalisation happens in the re-
gion 10�6 < gs < 10�5, conÞrming the simple estimate
in Eq. (6) 1.

Late time phenomenology. — In a recent paper by Mi-
rizzi et al. [30] it was pointed out that even if strong self-
interactions prevent thermalisation of the sterile neutrino
before active neutrino decoupling it will eventually be al-
most equilibrated by oscillations at late times. This leads
to a scenario in which active and sterile neutrino distri-
butions have similar temperatures and both contribute
to the combined N

e↵

. Even if early thermalisation is
prevented this still leads to a sterile neutrino population
with a temperature only slightly below that of standard
model active neutrinos and therefore the usual cosmolog-
ical neutrino mass bound still applies to this model.

However, unlike the previously studied Fermi-like in-
teraction, sterile neutrinos and pseudoscalars interact via
a variety of 2 $ 2 processes which in general have
a scattering rate of order � ⇠ g4sT because there is
no mass scale involved. This is true for example for
the pair annihilation process ⌫s ø⌫s ! �� where we al-
ready found the thermally averaged cross section to

1
Note that in the absence of a pre-existing population of � and ⌫s,
sterile neutrino production would still be suppressed for the same

values of gs as soon as a small amount of ⌫s has been produced

through oscillations. The assumption is thus not crucial to the

scenario.

MA, Hannestad, Hansen, Tram (2014) 

BBN bounds: 
ΔNeff ≤ 1 (95% c.l.) sin2 2θ s= 0.05

m s=1 eV

When sterile neutrinos are produced, 
they will create non-thermal distortions 
in the sterile neutrino distribution, and 
the sterile neutrino spectrum end up 
being somewhat non-thermal. 

The transition between  
full thermalization and no thermalization 
occurs for coupling 10-6 < gs < 10-5 

LASAGNA code 
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Late time phenomenology: 
νs – φ interactions 
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Neutrino perturbations 

Expansion in Legendre polynomials of the 
collisionless Boltzmann equation in Fourier space 
 
                                                                 
!! 0 = " k q

!
! 1+

1
6
!h dln f0

d lnq
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q
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(! 0 " 2! 2)
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q
5ε
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#
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'
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!! l = k
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! = (n " v )! 1

Neutrino perturbations 

Expansion in Legendre polynomials of the 
collisionless Boltzmann equation in Fourier space 
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Ψ l

τ
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Scattering 
processes 

Energy-momentum conservation 
          

Relaxation time 
approximation 

Hannestad (2005) 
Hannestad & Scherrer (2000) 
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! = (n " v )! 1

Neutrino perturbations 

Expansion in Legendre polynomials of the 
collisionless Boltzmann equation in Fourier space 
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SM neutrino free streaming 
 
Active neutrinos must be free streaming after z~5000 
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500 1000 1500 2000
0

1000

2000

3000

4000

5000

6000

7000

l

l(
l+

1
)C

l/(
2
π

) 
[µ

K
2
]

Λ CDM

Λ MDM

case B, z
i
 = 1500

case B, z
i
 = 3000

Figure 5. case B CMB temperature angular power spectrum for three di↵erent cosmological models:
the red line shows the ⇤CDM model with !cdm = 0.112, while the black line is the ⇤MDM model
with !cdm = 0.099 and !⌫ = 0.013 (corresponding to ⌃m⌫ = 1.2 eV). The blue and green lines depict
the theoretical spectra obtained if massive neutrinos recouple through the interactions with a light
pseudoscalar degree of freedom at redshift zi = 1500 or zi = 3000, respectively.

– 17 –

500 1000 1500 2000
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

l

l3
(l

+
1
)C

l/(
2
π

) 
[1

0
3
m

K
2
]

Λ CDM

Λ MDM

case A, z
i
 = 15000

case A, z
i
 = 50000

500 1000 1500 2000
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

l

l3
(l

+
1
)C

l/(
2
π

) 
[1

0
3
m

K
2
]

Λ CDM

Λ MDM

case A, z
i
 = 3 x 10

5

case A, z
i
 = 1 x 10

5

Figure 3. case A CMB temperature angular power spectrum for three di! erent cosmological models:
the red line shows the " CDM model with !cdm = 0.112, while the black line is the " MDM model
with !cdm = 0.099 and !⌫ = 0.013 (corresponding to #m⌫ = 1.2 eV). The blue and green lines depict
the spectra obtained if Fermi like 4-point interactions prevent massive neutrinos from free-streaming
until redshift zi = 15000 (blue line, upper panel), zi = 50000 (green line, upper panel), zi = 1 ⇥ 105

(blue line, bottom panel), zi = 3⇥ 105 (green line, bottom panel).

– 16 –

pseudoscalar vector boson 

Photon monopole 
enhancement 

MA, Hannestad (2013) 
see also Cyr-Racine,  
Sigurdson (2013) and 
Forastieri, Lattanzi, 
Natoli (2015) 

The interaction is confined to the the sterile sector 
The pseudoscalar coupling is diagonal in mass basis 
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DISCUSSION

We have tested the pseudoscalar model against the
most precise available cosmological data and found that
the model is generally compatible with data, providing
at least as good a Þt as the standard⇤CDM model. Fur-
thermore the Þt is vastly better than ⇤CDM with an
additional sterile neutrino in the eV mass range.

If the eV sterile neutrino interpretation of short base-
line data turns out to be true cosmology is faced with a
very serious challenge. Taken at face value such a model
is excluded by CMB and large scale structure data at
least at the 5! level. With this in mind it is clear that
accommodating eV sterile neutrinos requires addition of
new physics either in cosmology or in the neutrino sector
(see e.g. [30] for a discussion).

The model discussed here provides a simple and ele-
gant way of reconciling eV sterile neutrinos with preci-
sion cosmology. We again stress that this model has a
late-time phenomenology very di↵erent from models with
purely free-streaming neutrinos and that it could well be
possible to test details of the model with the greatly en-
hanced precision of future cosmological surveys such as
Euclid [31].

Finally, it is interesting that a recent study by Les-
gourgueset al. [29] Þnd that current cosmological data
prefers relatively strong self-interactions between dark
matter and a new dark radiation component. While the
model presented here cannot provide such dark matter
interactions at the required strength unless the funda-
mental coupling becomes close to unity, it could be a
another indication that we are seeing the Þrst signs of
new, hidden interactions in the dark sector.
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As soon as sterile neutrinos go non-relativistic, they start annihilating into 
pseudoscalars 
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νs – φ annihilations 

Sterile neutrino annihilations will 
heat up the scalars 

As soon as sterile neutrinos go non-relativistic, they start annihilating into 
pseudoscalars ν sν s ! φφ
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Solving the tension on ms 

Drawback of the MeV-scale 
vector boson Mirizzi et al. 2014 
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FIG. 3: Upper panel: Temperature anisotropies power spec-
tra for various models: Pseudoscalar (red/dashed line), ! +
0.06 eV ⌫a (blue/solid line), ! +1⌫s+m! ,s (purple/dot-dashed
line), ! + 1 eV ⌫s (black/solid line). Lower panel: Rel-
ative errors for the models listed above compared to the
! + 0.06 eV ⌫a model. In all cases the spectra plotted are
with the best-fit parameters obtained when fitting to CMB
data.

Parameter constraints —

In Table II the 1� marginalized constraints or the 2�
limits on ns, Ne↵, m! ,s, H0 are reported for various data
set combinations and for di↵erent models.

From the analysis it is clear that although Ne↵ = 4
is marginally allowed in the pseudoscalar model (within
2� when fitting only CMB data), a value below 4 is pre-
ferred. This indicates that relatively high values of gs are
favored and sterile neutrinos are partially thermalized in
the early universe. E.g., when BAO are included in the
analysis and fint is allowed to vary, Ne↵ < 3.55 at 95%
c.l. This upper bound on Ne↵ translates into a lower
bound on the coupling gs > 3⇥10�6, which is consistent
with the expectations.
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FIG. 4: One dimensional posterior for m! ,s in the ! + 1⌫s +
m! ,s model and in the pseudoscalar scenario for the combi-
nation of data PlanckTT+lowP. The vertical lines show the
best fit for the sterile neutrino masses obtained by the global
oscillation data analysis in the 3+1 scenario [2]

The preference for fint > 0 at more than 2� underlines
that additional neutrino species cannot be free-streaming
at recoupling, thus, if the short baseline experiments will
confirm the existence of a sterile neutrino, non standard
interactions will be required in order to accommodate a
fourth neutrino in cosmology.

Note that the usual correlation between the scalar
spectral index ns and Ne↵ is driven by di↵usion damping
at large l which are absent for a tightly coupled fluid.
This e↵ect is clearly seen on the lower panel of Figure 3.
That means that the value of ns is virtually unchanged
with respect to standard ⇤CDM while the ⇤ + 1 eV ⌫s
model prefers a much higher value as shown in Table II .

Considering the sterile neutrino mass, when only CMB
data are considered, m! ,s < 0.364 eV at 2�, this upper
limit further tightens when BAO are included; the eV
range is excluded at high significance in a pure ⇤CDM
model with free streaming neutrinos. However, the late
time phenomenology of the pseudoscalar model makes
sterile neutrinos fully consistent with the eV-mass range:
the overlap with the results of the global fit in the 3+1
scenario [2] is not only in the region around �m2 ⇠ 1 eV2

but also with �m2 ⇠ 6 eV2 (see Figure 4).

In Figure 5 we show that models with a strongly self-
interacting dark radiation component provide a remark-
ably good fit to CMB data with a preferred value of the
Hubble parameter fully consistent with local measure-
ments.

Finally, Figure 6 shows one-dimensional posteriors and
1 and 2 � marginalized contours for (Ne↵, m! ,s, H0), ob-
tained within the pseudoscalar scenario and with various
data set combinations.

MA, Hannestad, Hansen, Tram (2015) 
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Solving the small scale problems of CDM 

# ! “too big to fail”        
# ! “cusp vs core” 
    “missing satellites”  

DM – DM: 

2

parameters remains open. Nonetheless, the absence of
dramatic departures from CDM predictions has allowed
important constraints to be placed [24, 25].

In this Letter, we examine the possible existence of a
dark force from a di↵erent perspective. Rather than limit
its allowed range of parameters based on observations,
we show that it can ameliorate tensions in astrophysi-
cal data. In particular, we find that a Yukawa force in
dark matter scattering would naturally produce cores in
dwarf galaxies while avoiding the myriad constraints on
SIDM which arise in systems with a much larger veloc-
ity dispersion, such as clusters of galaxies. The specific
velocity dependence of the interaction cross-section, as
well as the possible exothermic nature of the interaction,
alleviate earlier concerns about the SIDM model. To dis-
tinguish from previous approaches with a constant cross
section or a simple power law velocity dependence, we
label this scenario as Yukawa-Potential Interacting Dark
Matter (YIDM).

Dark Forces. The mediator of the force � could be
either a scalar or a vector, as magnetic-type interactions
are negligible. The force could couple to standard model
fields through kinetic mixing with the photon, or through
mass mixing with the Higgs boson. Constraints on the
presence of such a force come from a wide range of pro-
cesses [26, 27], but ample parameter space remains for

a small mixing angle, ✏
<⇠ 10�3. New searches are un-

derway to find precisely such a force carrier at ⇠ GeV
energy experiments [28].

Scattering through a massive mediator is equivalent to
having a Yukawa potential. The elastic scattering prob-
lem is then analogous to the screened Coulomb scatter-
ing in a plasma [29], which is well fit by a cross-section
[24, 30],

h�i ⇡

8
>>><

>>>:

4⇡
m2

�
�2 ln(1 + ��1), �

<⇠ 0.1,

8⇡
m2

�
�2/(1 + 1.5�1.65), 0.1

<⇠ �
<⇠ 103,

⇡
m2

�

�
ln� + 1� 1

2

ln�1 �
�
2

, �
>⇠ 103,

(1)
where � = ⇡v2�/v

2 = 2↵dm�/(m�v
2), and v is the rela-

tive velocity of the particles. We use angular brackets to
denote that this is the momentum-transfer weighted cross
section. Here, v� is the velocity at which the momentum-
weighted scattering rate h�vi peaks at a cross section
value of �

max

= 22.7/m2

�. The above expression can be
approximately generalized to the inelastic case by sub-
stituting m� !

p
m�� for the characteristic minimum

momentum transfer when m� <
p
m�� (see discussion

in [30]). This expression is derived using classical physics,
and thus, it is important to note what quantum e↵ects
can come into play. In cases where the de Broglie wave-
length is longer than the Compton wavelength of the
force m�1

� , the quantum calculation should be consid-
ered for quantitative results. Nonetheless, the same qual-
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Dwarf Milky Way Cluster

v @km s-1D

<
s
v>
ê<s
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m
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FIG. 1: Dependence of the self-interaction cross-section (�) on
the relative velocity (v) for dark matter interacting through a
Yukawa potential. The normalizations of � and v are set by
free parameters in the underlying Lagrangian (see Appendix),
and we show two possible curves peaking at v

�

= 10 km s�1

and = 100 km s�1 (blue, solid and purple, dashed, respec-
tively).

itative features should remain: the cross section should
saturate at low velocities near � ⇠ m�2

� , and at high
velocities, where the classical approximation is valid, it
should fall rapidly.
Figure 1 depicts the velocity dependence of the elas-

tic cross-section in Eq. (1). Interestingly, the scattering
rate is nearly constant at low velocities, peaks at a ve-
locity v�, and declines sharply at v > v�, allowing it to
introduce cores in dwarf galaxies where the velocity dis-
persion is low (v ⇠ 10 km s�1) but not in clusters of
galaxies where the characteristic velocities are larger by
two orders of magnitude (v ⇠ 103 km s�1). The nor-
malizations of the cross-section and velocity are deter-
mined by free parameters in the interaction Lagrangian
(see Appendix), with the Compton wavelength of the in-
teraction setting the relevant spatial scale. We show two
possible values of the peak velocity, one that would pro-
duce cores only in dwarf galaxies (v� = 10 km s�1), and
another that would produce cores in more massive galax-
ies (v� = 102 km s�1) as implied by data on low surface
brightness galaxies [31]. At any given halo mass, we ex-
pect scatter in the core properties of individual halos,
due to variations in their age and assembly history.
Having one collision per Hubble time at the character-

istic core density of dwarf galaxies ⇠ 0.1M� pc�3, trans-
lates to the condition (m�/10GeV)(m�/100MeV)2 ⇠ 1
(see Appendix). An order of magnitude larger cross-
sections are also allowed by the data. Figure 2 shows
the allowed parameter ranges [25] that would naturally
explain the dark matter distribution in observed astro-
physical objects. We find that even though collisions
shape the central profiles of dwarf galaxies, the standard
collisionless treatment still provides an excellent approx-
imation for the dark matter dynamics in X-ray clusters.

Loeb & Weiner (2010) 

Chu & Dasgupta (2014) 
Dasgupta & Kopp (2014) 

vMAX =
1
2π 2

gd
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(Baryon physics) 
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Conclusions 

# ! “Secret” sterile neutrino self-interactions mediated by a light pseudoscalar 
can accommodate one additional massive sterile state in cosmology without 
spoiling CMB measurements and, at the same time, evading mass 
constraints 

# ! “Secret” interactions might also solve the small scale problems of the cold 
dark matter paradigm 
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Galactic dynamics 
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The condition for having observable consequences on galactic dynamics is that the 
scattering time scale of DM self interactions is less than the age of the Universe. 
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Sommerfield enhancement 

The effect of Sommerfeld enhancement can be safely neglected for all reasonable 
values of gd  
 

6

To compute the Sommerfeld factor, we follow [44] and
write the radial part of the Schr¬odinger equation as

�!!
! (x) =

!
m"

p2
V

!
x
p

"
+

! (! + 1)
x2

! 1
"
�! (x), (16)

=
!

! g2

d

v
8" x3

m

h(F x
m

)e" Fxm +
! (! + 1)

x2

! 1
"
�! (x).

with x " pr and F " 2m!

m" v

. The continuous box
renormalisation has been implemented by simply using
x
m

" max(x, x
cut

) inside the potential term. The equa-
tion determining the cuto↵ x

cut

is

1 =
!

m"

⇤
BSM

"
g2

d

v3

32" x3

cut

h(F x
cut

)e" Fxcut . (17)

In the limit x # 0, the complete solution to Eq. (16)
are Ax ! +1 + Bx " ! for ! $ 0. As usual, requiring the
solution to be regular at x = 0 forces B = 0. A can
be absorbed into the overall normalisation of the wave
function, i.e. we put A = 1. In the asymptotic limit x #
%, the solution just becomes a sine with an amplitude
and a phase shift. We have

�! (x) # x! +1, x # 0, (18)

�! (x) # C sin(x ! !" / 2 + #! ), x # % . (19)

To compute the Sommerfeld factor numerically, we use
Eq. (18) to set initial conditions at x

ini

, 0 < x
ini

< x
cut

.
We then evolve the wave until it has reached its asymp-
tote in Eq. (19) and we denote this point by x

asym.

. This
happens when the wave no longer feels the potential and,
for ! > 0, the centrifugal barrier. The Sommerfeld factor
is related to the asymptotic amplitude C (through the
overall normalisation) by the formula [44]

S! =
[(2! + 1)!!] 2

C2

=
[(2! + 1)!!] 2

�2

! (x
asym.

) + �!2
! (x

asym.

)
. (20)

The last expression is obtained from Eq. (19) and is nu-
merically convenient. Note that the equation for the
boost factor does not depend on the masses but only
on �! . The mass dependence in Eq. (16) enters only
through the ratio m# /m " in the factor h(F x)e" Fx. This
factor is & 1 when F x <& 1, and it is easy to show
that this is the case for all values of x where the po-
tential is non-negligible, provided that m!

m"
< (v/g

d

)
2
3 .

This inequality is easily satisÞed for the parameter space
that we are considering. The regularisation procedure
introduces another possible mass dependence through
Eq. (17). The previous argument applies again to
the factor h(F x)e" Fx, ruling out a dependence on the
(m# /m " )-ratio. So the only mass dependence will en-
ter through the ratio ( m" / ⇤

BSM

). We have shown the
boost factor in Fig. 3 for two extreme values of this ratio.
Evidently, the e↵ect of Sommerfeld enhancement can be
safely neglected for all reasonable values ofg

d

.

FIG. 3: Sommerfeld enhancement factor for ! = 0 due the
potential in Eq. (11) for two extreme values of the ratio
(m! / ! BSM ). Top panel: (m! / ! BSM ) = 1.0. Bottom panel:
(m! / ! BSM ) = 10! 5 . As discussed in the text, the dependence
on the ratio (m" /m ! ) is negligible.

Dark acoustic oscillations? Ñ Since our model couples
dark matter to a background of dark radiation we might
worry that the $ ! %system can undergo acoustic oscilla-
tions close to the epoch of recombination and thus distort
the observed CMB spectrum (see e.g. [46] for a recent
discussion). The interaction around the epoch of CMB
formation is primarily Compton scattering, $% # $%,
and we can directly compare it to the normal Compton
scattering rate of photons and electrons. The Compton
cross section scales as& ' ' 2/m 2 wherem is the fermion
mass. As long asg2

d

( ' and m" ) m
e

, the dark sec-
tor acoustic oscillations will be completely negligible and
therefore cosmologically safe. This of course also means
that late-time Compton scatterings can be safely ignored
since they have no impact on the ability of $ to cluster
gravitationally. Scaling relative to the electron-photon
process we can formulate the bound as

g2

d

( 1.6 * 10" 2

# m"

MeV

$
. (21)

Discussion. Ñ We have studied a model with secret
sterile neutrino interactions mediated by a massless or
very light pseudoscalar. The model has some of the
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